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The study of open string tachyon condensation in string field theory can be drasticaUy 
simphfied by making an appropriate choice of coordinates on the space of string fields. We 
show that a very natural coordinate system is suggested by the connection between the 
worldsheet renormalization group and spacetime physics. In this system only one field, 
the tachyon, condenses while all other fields have vanishing expectation values. These 
coordinates are also well-suited to the study of D-branes as solitons. We use them to 
show that the tension of the D25-brane is cancelled by tachyon condensation and compute 
exactly the profiles and tensions of lower dimensional D-branes. 
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1. Introduction 

The problem of open string tacliyon condensation on unstable branes in bosonic and 
supersymmetric string theory is interesting, since it touches on important issues in string 
theory such as background independence, off-shell physics, the symmetry structure of the 
theory, and the role of closed strings. In the context of string field theory (SFT) the main 
approach to this problem has been through Witten's cubic, or Chern-Simons string field 
theory [|l|, and in the past year notable progress has been made (see e.g. @,H). 

On the other hand, the physics of tachyon condensation is well understood from the 
first quantized (worldsheet) point of view. The endpoint of condensation is a state in which 
the brane has completely "disappeared." The process of condensation can also produce 
lower dimensional unstable branes (or BPS brane - anti-brane pairs in the superstring) as 
intermediate states. 

Reproducing these results in the SFT of [|l| is non-trivial. The apparent simplicity 
of a cubic interaction vertex is deceptive - the condensation involves an infinite number 
of physical and unphysical scalar fields of arbitarily high mass. Recent progress on the 
problem involves a level truncation 0], which appears to lead to very good agreement with 
the expected results for some quantities, such as the vacuum energy after condensation. 
At the same time, it is not clear why and when level truncation works, and it is difficult 
to study the dynamics of the non-trivial vacuum using this approach. 

The worldsheet analysis (see [|] for a recent discussion) suggests that there should 
exist a choice of coordinates on the space of string fields that is better suited for the 
study of tachyon condensation. To see that consider, for example, the process in which 
the tachyon on a D25-brane in the bosonic string condenses to make a lower dimensional 
I^p-brane with p < 25, which is stretched in the directions (1, 2, ■ ■ ■ ,p). This is achieved 
by considering the path integral on the disk with the worldsheet action 

S = So+ ^nX{6)) (1.1) 

Jo 27r 

where Sq is the free field action describing open plus closed strings on the disk, 6 is 
an angular coordinate parametrizing the boundary of the disk, and T[X^^^, • ■ ■ , X"^^) is 
a slowly varying tachyon profile with a quadratic minimum giving mass to the 25 — p 
coordinates transverse to the Dp-hrane {X^{9)}, i = p+ l,---,25. The action ( |1 . IJ ) 
describes a renormalization group fiow from a theory where all 26 {X'^} satisfy Neumann 
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boundary conditions (corresponding to the 25-brane) to one where the 25 — p coordinates 
{X*} have Dirichlet boundary conditions (the p-brane). 

Any profile T{X) with the above properties will do, but a particularly simple choice 
is 

25 

T{X) = a+ J2 ^^^' (1-2) 

i=p+l 

for which the worldsheet theory is free throughout the RG flow. The parameters a, Ui flow 
from zero in the UV to inflnity in the IR. A crucial point for what follows is that in this 
flow a, Ui do not mix with any other couplings. 

In the spacetime SFT, the p-brane can be constructed as a flnite energy soliton P,0. 
The above worldsheet considerations imply that there must exist a choice of coordinates on 
the space of string flelds in which the tachyon proflle is given by ([l^) and no other flelds 
are excited. In the cubic SFT [^] this is not the case - the soliton contains excitations 
of an inflnite number of flelds 0. As we will see below, a more suitable candidate for 
describing tachyon condensation is the open SFT proposed by Witten in and reflned by 
Shatashvili (see also 0). We will refer to this string fleld theory as "boundary string 
held theory" (B-SFT). 

The plan of the paper is the following. In section 2 we briefly review the construction 
of B-SFT [0 . We comment on the relation of the spacetime action to the boundary entropy 
of Affleck and Ludwig 0] and to the cubic Chern- Simons string fleld theory |jl|]. 

In section 3 we turn to an example: bosonic open string theory on a D25-brane in flat 
spacetime. We evaluate the tachyon potential and kinetic (two derivative) term and study 
condensation to the vacuum and to lower branes. The description of the condensation to 
the vacuum is exact (since the tachyon is the only fleld that condenses, and its potential 
is known exactly), while the properties of solitons (corresponding to lower dimensional 
branes) receive corrections from higher derivative terms in the action, although the two 
derivative action is in excellent qualitative agreement with the expected exact results. 

In section 4 we show that the corrections to the tension of solitons in this SFT can 
be computed exactly, since to analyze them it is enough to compute the exact action for 
tachyon proflles of the form ( |1.2|) . We use this observation to compute the tensions and 
show that they are in exact agreement with the expected results. Some comments about 
the physics of excited open string states and other issues appear in sections 5, 6. Two 
appendices contain some of the technical details. 

A. Gerasimov and S. Shatashvili have independently noticed the relevance of boundary 
string field theory to the problem of tachyon condensation |1^ . 



2. A brief review of boundary string field theory 

The construction of is aimed at malcing precise the notion that the configuration 
space of open string field theory is the space of all two dimensional worldsheet field theories 
on the disk, which are conformal in the interior of the disk but have arbitrary boundary 



interactions. Thus, as in (|1 . 1|) , one studies the worldsheet action 



j'2'K ^n 

S = So+ —V (2.1) 

Jo 27r 

where Sq is a free action defining an open plus closed conformal background, and V is a 
general boundary perturbation. We will later discuss the twenty six dimensional bosonic 
string, for which V has a derivative expansion (or level expansion) of the form 

V - T{X) + A^{X)deX^ + B^^{X)deX^deX'' + C^(X)a|X^ + ■ ■ ■ (2.2) 

The boundary conditions on X (in the unperturbed theory) are drX^\j.^i = 0. If one 
wishes to include Chan-Paton indices, the field V is promoted to an A^ x A^ matrix and 
the path integral measure on the disk is weighted by 



e"'^°TrPexp( - / — Vj (2.3) 

We will mostly restrict to the case A^ = 1 in what follows. 

In general, V is a ghost number zero operator, which nevertheless might depend on 
the ghosts, and one must also introduce a ghost number one operator O via 

V = h-iO. (2.4) 

If, as in ( p.2|) , V is constructed out of matter fields alone, one has 

O = cV. (2.5) 



It is not clear that the theory on the disk described by (p.l| ) makes sense. Even if one 
restricts attention to V's that do not depend on ghosts, such as (|2.2| ), in general the 
interaction is non-renormalizable and one might expect the theory to be ill-defined. This 
is an important issue,a about which we will have nothing new to say here, however there 



which is at the heart of the question of background independence in open SFT, and which 
was the main motivation for [pi. 



are clearly interesting cases, such as tachyon condensation, in which the interaction ( |2.1j ) 
is renormalizable. The discussion below definitely applies to these cases and perhaps more 
generally. 

Parametrizing the space of boundary perturbations V by couplings A* : 

V = ^A^V, (2.6) 

i 

(and consequently O = ^^ X^Oi ( |2.4| )), the spacetime SFT action S is defined by 



dS 1 



"Stt in ^27r J/)/ 



d\' 



1 r rif) r rift' 

-2I ^l i(0. WW. ''("')}). (2.7) 



where Q is the BRST charge and the correlator is evaluated with the worldsheet action 
( prrp . Note that ( p77|) defines the action up to an additive constant; also, the normaliza- 
tion of the action is not necessarily the same as in other definitions.^ We will fix both 
ambiguities below. 



Specializing to O's of the form ( p.5|) , and using the fact that if Vi is a conformal 
primary of dimension A^, 

{Q,cV,} = {l-A,)cdecV, (2.8) 



^ = -(l-A,)A^G.,(A) (2.9) 



we conclude from ( p77|) that 



r'^^ rift /"^^ rift' ft ft' 

^-•=2/ Z Z:'^"i-^)inO)V,{e')), (2.10) 

Jo ^^ Jo ^^ ^ 



where 



Actually, it is clear that eq. ( p.9| ) cannot be true in general, since it does not transform 
covariantly under reparametrizations of the space of theories, A^^ -^ f^ (X"^). Indeed, diS and 
Gij transform as tensors (the latter is the metric on the space of worldsheet theories), but 
A* does not. The correct covariant generalization of (|2.9|) was given in 0. The worldsheet 
RG defines a natural vector field on the space of theories 

-P\X) (2.11) 



dlog \x 



For example, in the conventional normalization the action goes like I/qs 



where |a:| is a distance scale {e.g. a UV cutoff), and 

/3^(A) = -(1- A,)A* + 0(A2) (2.12) 

is the (3 function,0 which transforms as a vector under reparametrizations of A*. The 
covariant form of ( |2.9| ) is thus 

|^=/3^G'.,(A). (2.13) 

As is weU known in the general theory of the RG, one can choose coordinates on the space 
of theories such that the (3 functions are exactly linear .□ This can always be done locally 
in the space of couplings, so long as the linear term in the /3-function is non-vanishing. In 
such coordinates, ( p.l3| ) reduces to (|2.9|) . 

In [^0 it was further shown that the action 5" defined by ( p.l3| ) is related to the 
partition sum on the disk Z{X'^) via 

S = i(3'^^+l)Z{X). (2.14) 

Note that ( p.l4|) fixes the additive ambiguity in S by requiring that at fixed points of the 
boundary RG (at which /3*(A*) = 0) 

S{X*) = Z{X*). (2.15) 



From the worldsheet point of view, the properties (|2.13|) , ( |2.14| ) and ( |2.15| ) mean that 



5* is a non-conformal generalization of the boundary entropy of 0. In fact, in any unitary 
theory satisfying these properties one can prove the "gf-theorem" postulated in [^ . Indeed, 
the scale variation of S is given by the Callan-Symanzik equation 

TT^ = -^'^^ = -^'^'G,, (2.16) 

dlog|a:| oA* 

where we used the fact that S depends on the scale only via its dependence on the running 
couplings, and equations ( |2.11| ), ( |2.13| ). In a unitary theory, the metric Gij ( |2.10| ) is positive 
definite; thus S decreases along RG trajectories. Finally, the property ( |2.15| ) implies that 



We should note that we are using the particle physics conventions here - the /? function is 
negative for relevant perturbations. In some other papers on the subject, e.g. [^, the opposite 
conventions are used. 

In such coordinates, the BRST charge Q is independent of the couplings, and ( |2.8D holds 
everywhere. 



at fixed points of tfie boundary RG, 5" coincides witli tlie boundary entropy as defined in 
0. Tfius, in any unitary tlieory in wfiicfi tlie considerations of 0] do not suffer from UV 
subtleties (associated witfi non-renormalizability) , tlie gf-theorem of is valid. 

As mentioned above, a natural choice of coordinates on the space of string fields is 
one in which the /^-functions are exactly linear. This choice can always be made locally for 
Ai 7^ 1. These coordinates become singular as A^ ^ 1, which in string theory language is 
the place where the components of the string field {e.g. T(X), A^ etc in (p.2| )) go on-shell. 
On the other hand, since the RG flows are straight lines in these coordinates, they are well 
suited to studying processes which are far off-shell, such as tachyon condensation, since 
they minimize the mixing between different modes. 

In contrast, the cubic SFT parametrization of worldsheet RG is regular close to the 
mass shell; it appears to be closely related to the coordinates on coupling space implied 
by the e(= 1 — A) expansion.^ These coordinates are useful for studying processes close 
to the mass shell, such as reproducing perturbative on-shell amplitudes. 

This raises the interesting question of how the action S defined above is related to 
the cubic action of 0. It seems clear that the cubic SFT must correspond to ( |2.13|) , 
( p.l4|) for a particular choice of coordinates on the space of string fields (or worldsheet 
couplings). The two sets of coordinates are related by a complicated and highly singular 
transformation (see appendix A for some comments on this transformation). As we will 
see below, tachyon condensation is simpler in the coordinates ( p.9|) , as one would expect 
from the above discussion. 

3. A first look at tachyon condensation on the il>25-brane in the bosonic string 

In this section we will study the action S described in the previous section, restricting 
to the tachyon field. We will keep terms with up to two derivatives and study various 
features of tachyon condensation using the resulting action, which will turn out to have 
the formal 



^ = T25 / cP'^x 



a'e-^d^Td^T + (T + 1)6"'^ + 



(3.1) 



where the ■ ■ ■ stand for terms with more than two derivatives. Before deriving (|3.1| ), we 
would like to make a few comments on its form. 



For a discussion of the e expansion in boundary two dimensional QFT see e.g. [0]. 
Our conventions are r]^^ = diag( — 1, +1, • ■ • , +1). 
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(1) The tachyon potential is 

U{T) = {T + l)e~^. (3.2) 

This potential is exact, and indeed already appears in [^H- The perturbative vacuum 
corresponds to T = 0, near which U(T) = 1 — |T^ + ■ ■ -. The "stable vacuum" to 
which the tachyon condenses is at T = +oo, where U{T) -^ 0. One can ask why the 
tachyon does not instead roll to T = — cxd where U{T) goes to — oo. We will postpone 
this issue to section 6. 

(2) T25 in ( p.l|) is the tension of the Z)25-brane. Indeed, in the perturbative vacuum 
T = 0, S = T25V, where V is the volume of spacetime. Note that our tachyon field T 
is dimensionless. 

(3) From ( |3.1| ) it seems that the mass of the tachyon in the perturbative vacuum is a'M^ = 
—1/2. Of course, the correct result is a'M^ = —1, but there is no paradox since the 
higher derivative terms that have been neglected in ( p.l| ) are important in determining 
this mass. In Appendix A we show that the inverse propagator of the tachyon indeed 
exhibits a simple pole at a'/c^ = 1. 

(4) The action (|3?l] ) is related by a field redefinition 

(j) = -2e~i (3.3) 



to an action studied recently in |Tl|] as a toy model of tachyon condensation. These 
authors found that this model exhibits some remarkable similarities to tachyon con- 
densation in SFT. We now see that it is in fact a two derivative approximation to the 
exact tachyon action. As we will discuss later, this clarifies the origin of some of the 



properties found in [11 



The action ( |3.1| ) can be determined from the definitions ( p.7|) , (|2.14 ) as follows. One starts 



by evaluating the partition sum Z in (|2.14| ) for the tachyon profile ( |1.2| ) (with generic 
Ui > and p = —1). This should be possible because, as mentioned in section 1, the 
resulting worldsheet theory is free for all a, Ui. Plugging into (|2.14| ) one then finds that 
the action S{a,Ui) is given by 

d d 

S{a, Ui) = {-a-^ + 1 + XI ^"'^^ ~ X] ^i Q~)^('^' '^i) (3-4) 

The action ( |3.1|) can then be reconstructed by taking the limit Uj ^ 0. A simple scaling 
argument shows that the leading behavior of the action ( |3.1|) evaluated on the profile ( |1.2| ) 
in the limit Uj —>■ comes from the potential term; terms with 2n derivatives are down 



from the leading term by n powers of Uj. Thus, by examining the first two terms in S 
we can uniquely reconstruct the potential and kinetic terms in (|3.1| ). At higher orders in 
derivatives, there are many terms one can write down (most of which vanish on the profile 
( p. .21) ) and one needs additional information to determine the full action (see appendix B). 
The partition sum Z{aj Ui) has been computed in ||]. The answer can be written as 

5(a, u) = {a + l + Y^ 2a' u, - J] u~)e-'' JJ Zi{2a'ui) (3.5) 

where 

Zi{u) = ^e'"'T{u). (3.6) 

and 7 is the Euler number. For small Ui one finds 

26 

'2a'uj 

1 (3.7) 



^=(a + 14)e-<^n-^ 

26 26 

+ 2a'e-{Y,u,)\{ 



26 26 



]=1 j=l V J 



+ 



The first line of ( p.7| ) should be compared to the potential term in (|3.1J ) evaluated on the 

profile (|1.2D ; the second must be due to the kinetic term. Evaluating the potential energy 

one finds 

26 -. 

T25(27rar^e-«(a + 14) J] ^^^ (3-8) 



Comparing to (|3.7| ) we see that 

T25 



j=i V 2"'«j 



l/(2W)i^ (3.9) 



Of course, the fact that this is not the standard form of the tension is due to the freedom 
of rescaling the action (|2.7|) , ( |2.14| ). We can use ( p.9|) to determine the multiplicative 
renormalization of S needed to bring it into standard form. Computing the kinetic term 
in (|3.1| ) and comparing the result to the second line of ( P77| ) fixes the coefficient of (9^T)^ 
to be the one given in (|3.1[). 



After deriving the action ( |3.1| ) we are now ready to proceed to studying tachyon 
condensation. The first thing that one might worry about is whether it is enough to study 
the tachyon dynamics, or whether one must include the infinite number of excited states, 
as in H. We will show later that only the zero momentum tachyon condenses in the 



coordinates on string field space that we are working in, but for now we will assume that 
and proceed. 

Consider first spacetime independent tachyon profiles. The (locally) stable vacuum is 
at T = oo. The vacuum energy vanishes there. Since the potential ( |3.2|) is exact, this gives 
a proof of Sen's conjecture that t/pert — Udosed = T25 where t/pert is the value of the 
potential in the perturbative open string vacuum and t/ciosed is the value of the potential 
in the closed string vacuum where the open strings have "condensed" and "disappeared." 
We have seen above that at a stationary point, U is just the (7-function, and moreover that 
t^ciosed = 0. On the other hand, it is straightforward to identify the tension of D-branes 



with the (yf-function [ll2|JT 



Note that in our coordinates the stable vacuum is at infinity. This is not in dis- 
agreement with other calculations in which it occurs at a finite value of T 0, since field 
redefinitions change the value of T at the minimum of the potential. In fact, in coordinates 
on the space of couplings where the /3 functions in a theory are exactly linear, any infrared 
fixed points will always occur at infinite values of the couplings. 

A more invariant question is what is the distance in field space between the pertur- 
bative fixed point at T = 0, and the stable minimum at T = 00. For this we need to 
compute the metric on the space of T's. This is easily done either by using ( |2.13|) (with 
S = (T + l)exp(— T), /3^ = — T) or by reading off the metric from the kinetic term in ( |3.1|) . 
Either way one finds that the metric on field space is 

ds^ = e-^{dTf. (3.10) 

Thus, the distance between T = and T = 00 is finite.!!! 

Consider next spacetime dependent tachyon profiles, which describe lower dimensional 
branes as solitons. The equations of motion following from the action ( |3.1|) are 

2a'd^d''T-a'd^Td''T + T = (3.11) 

We are looking for finite action solutions which asymptote to the "stable vacuum" T = 00. 
The solutions are in fact precisely the profiles ( p..2| ) that entered our discussion a number 
of times before! Substituting ( p..2| ) into ( |3.11j ) one finds that each of the Ui is either or 



This distance is exactly calculable in our approach, and it would be interesting to compare it 
to level truncated cubic SFT [0]. This would involve computing the kinetic term for the tachyon 
and the other fields that condense in level truncated SFT. 
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l/4a'. That is, the sohtons are translationally invariant along a hnear subspace of R^^ 
and sphericaUy symmetric transverse to that subspace. Let n be the number of nonzero 
Ui's. Then a = —n. We interpret such codimension n sohtons as D{25 — n)-branes. 
Substituting into the action ( ^T|) gives 



S ^ T25{eVA^rV26-n. (3.12) 



Comparing this to the expected tension T25_nV26-n we conclude that 

2^25 -n 



^25 



^27rVa' (3.13) 



with ^ = ej \pK ^ 1.534. We have written it this way to facilitate comparison with the 
exact answer 

^''-" '27rVa') . (3.14) 



T25 
In the next section we will see that one can improve on the result (|3.13|) and calculate the 



tensions ( |3.14 ) exactly. But before moving on to that analysis it is useful to make a few 



remarks about the results obtained so far. 

One striking feature of the foregoing discussion is the fact that the soliton solutions 
are given precisely by the quadratic tachyon profiles that play such a prominent role in the 
worldsheet analysis. This explains why studying them is so easy: the worldsheet theory in 
their presence remains free! It also makes it clear why we are getting descent relations of 
the form ( |3.1tJ| ): as explained above, the action ( |3.1j ) is nothing but the boundary entropy, 
and for spherically symmetric profiles of the form 

n 

T{X) = -n^u^Xl (3.15) 

the boundary entropy factorizes. Finally, it is clear why we are not getting the correct 
descent relation ( 3.14|) but rather an approximate version ( |3.13| ). The reason is that at 
this level of approximation we find a finite value of the mass parameter u in ( |3.15| ). So the 
action ( P?T| ) is approximately computing the boundary entropy at a finite point along the 
RG trajectory. Since, as discussed in section 2, the boundary entropy is a monotonically 
decreasing quantity, we expect to find a larger answer at finite u than at the infrared fixed 



point [u = 00). This is the reason why the parameter ^ in (|3.13| ) is larger than one. 
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All this makes it clear that what will happen when we include higher derivative cor- 
rections in (|3.1|) is that the soliton profiles will still have the form ( p.l5|) , but \a\ and u will 
increase to infinity. We will demonstrate that this is indeed the case in the next section. 

The codimension n solitons ( |3.15| ) were also discussed recently in [^. Our results 



are in exact agreement with those of ||Tl]] , although the interpretation is slightly different. 



The authors of 1 11 ] analyzed the spectrum of small fluctuations around the solitons ( |3.15|) . 



They found a discrete spectrum of scalars with masses 

a'M2 = l(n-l); 7i = 0,l,2,--- (3.16) 

This is very natural from the worldsheet point of view as well, since once we turn on a 
worldsheet potential of the form ( p.l5| ) (even for flnite u) , it is clear that one expects to 
flnd only fields that are bound to the lower dimensional brane but otherwise have the same 
properties as their higher dimensional cousins. 

Finally, one might wonder whether it is possible to describe multi-soliton configura- 
tions in the theory ( |3.1| ). From the worldsheet point of view this involves [Q studying 
multicritical tachyon profiles of the form 

I 
T(X) = ^aj|X|2^'. (3.17) 

For / > 1 the worldsheet theory is no longer free and one expects complications having 
to do with the interactions between the solitons (fundamental strings connecting different 
D-branes). Plugging ( |3.17| ) into ( |3.11D we see that the reflection of this in spacetime is 



that one needs to keep higher derivative terms in the action to study such conflgurations. 



4. An exact calculation of D-brane tensions 

We would like to compute the corrections to the descent relations (|3.13|) coming from 
higher derivative corrections to the action (|3.1| ). In principle, one might proceed as follows. 
First generalize the procedure of section 3 to compute higher derivative corrections to the 
action, and then use the resulting action to determine the proflle of the solitons and their 
tensions. This looks difficult; computing the higher derivative corrections involves both 
technical and conceptual complications. Also it is likely that the resulting action would be 
rather unwieldy and difficult to study. 
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Some of the technical comphcations can be seen by looking at the action for quadratic 
tachyon profiles (|3.5|), (|3.6|). As discussed in section 3, implicit in the action S{a,Ui) is an 
infinite series of higher derivative corrections to ( ^.11 ) which can be computed by expanding 
S in powers of the Uj . An example of such an infinite-derivative action is given in appendix 
B. 

Unfortunately, ( p.5|) and ( |3.6|) do not determine the tachyon action uniquely, since it is 
easy to write an infinite number of terms which annihilate the profile (|1.2| ) and thus do not 
contribute to S{a,Ui). Nevertheless, the discussion of the previous section makes it clear 
that there is an alternative way to proceed that circumvents all of the above complications 
and can be used to compute the tensions of the solitons exactly. The basic observation is 
that we know that the exact profile of the soliton in the exact SFT ( ^.1^ ), ^2. 14\ ) is going 



to be of the form (\1.2J , with some particular values of a, Ui. The reason is that this mode 



does not mix with any other modes in the SFT (as will be shown in the next section). 

Thus, all we have to do to compute the exact tension of the D-brane solitons is to take 
the exact action S{a,Ui) given by (|375|), (|3.6|), and extremize it in a and Ui. Furthermore, 
we know that the extremum we are looking for is one in which n of the Ui ^ oo and the 
rest vanish (for a codimension n soliton). We next describe this calculation. 

For simplicity let us consider first a codimension one soliton. We would like to sub- 
stitute the ansatz T = a + uXf in ( pT|) (with the other Ui = 0) and set the action equal 
to 1^24+1724. Of course, the action (|3.5|), ( ^^ ) diverges when Ui -^ 0, which is a reflection 
of the divergent volume V24+1. In order to do the computation in a well defined way we 
must regularize the volume divergence. We do this by periodic identification of 

X^'^X'^ + R^' ;u = 2, ...,26. (4.1) 

We must now determine the correct normalization of the path integral Z. The correct 
normalization for the worldsheet zero-mode of an uncompactified spacetime coordinate X 
is 

r j^,- sr iiTi-m\ (4.2) 

J-00 V27ra' 
We know this because if we substitute T = a + uX^, we reproduce e~° ,^, . It follows 
that when we periodically identify X^^ as in ( ^.1| ) in directions /x = 2, . . . , 26 and take 
T — a + uXf the resulting boundary string field theory action is, exactly. 



S 



J,+ 1 _„!_ +2„'„j,-«Z,(2„'„) n(-^). (4.3) 
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As discussed above, the dynamical variables in this action are a, u. Therefore, we should 
minimize S with respect to them. Minimizing first with respect to a we find 

a* = a(u) = -2a' u + u—- \ogZi{2a'u). (4.4) 

du 

Substituting back into the action we get: 

26 

S = exp[S(2a'^)] J] (^^) (4-5) 

^^^\V2iTa'J 

where we define 

E{z) := z - z-^\ogZi{z) + logZiiz). (4.6) 

dz 



We may now invoke Witten's result ( p.6|) . The action ( [4.5| ) is a monotonically decreas- 
ing function of u, and therefore the minimization pushes m to cxd, as expected from the 
worldsheet renormalization group arguments (the (/-theorem). 

We are particularly interested in the value of the action at the end of the RG trajectory. 
Prom Stirling's formula we find at large z 

log Zi (z) ~ z log z — z + 'yz + log V2n + 0(1/ z) , 

^ (4-7) 

E{z) ~ log V2^ + l/{6z) + OiXjz^). 

We thus obtain the boundary string field theory action 

26 , _^„ 



/i=2 



J7, V v27ra' 



On the other hand, from the spacetime point of view this is clearly equal to T24 W K^ . 
We therefore conclude that 

T24 = 27rv^T25 (4.9) 

which is precisely the expected value! 

Clearly this exercise can be repeated for branes of higher codimension. After mini- 
mization with respect to a we find the action for the codimension n soliton: 

-^ 26 ^ n^ s 

and therefore each codimension leads to an extra factor of 27r vc7, in agreement with ( |3.14|) . 
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We finish this section with a few comments: 

(1) The solitonic solutions describing lower dimensional D-branes constructed in section 
3 had a finite size, of order Ig = va^ (since their profiles were given by (|3.15|) with 



u = l/4a'). In the exact problem, the sizes of the solitons go to zero like Xj \pu.. This is 
in nice correspondence with the usual description of D-branes as (classically) pointlike 
objects. In level truncated SFT, the lower D-branes were found to correspond to finite 
size lumps, similar to those of section 3. Here, we saw that the higher derivative terms 
in the action play a crucial role in reducing the size of the soliton from Ig to zero. Since 
in the level truncation scheme the contributions of such terms seem to increase with 
level, it is possible that if the calculations of were continued to much higher levels, 
the size of the solitons would slowly decrease to zero, as it does in our approach. 
Another possibility is that the complicated relation of our parametrization of the 
space of string fields to that of cubic SFT transforms the 5-function tachyon profile 
we find to a finite size lump. 
(2) The fact that we have been able to reproduce exactly the tension ratios (|3.14| ) may at 
first sight seem puzzling. The full spacetime classical SFT is a very complicated theory, 
with an infinite number of fields and a rich pattern of non-polynomial interactions. 
The fact that one can prove that this theory has finite action solitonic solutions with 
profiles and tensions that can be computed exactly looks from the spacetime point of 
view like a "string miracle." Such "miracles" are very generic in string theory. The 
oldest example is perhaps (channel) duality of the tree level S-matrix. The fact that 
an infinite sum over massive s-channel poles can produce a t-channel pole is due in 
spacetime to an incredible conspiracy of the masses and couplings of Regge resonances. 
Describing this in terms of a spacetime Lagrangian seems hopeless. However, on the 
worldsheet, this is one of the many consequences of conformal invariance and is easily 
described and understood. In the tachyon condensation problem, something very 
similar happens. The miracle is explained by noting that the spacetime action is 
nothing but the boundary entropy (see section 2), and the process of condensation is 
trivial since it corresponds to free field theory on the worldsheet ( p..2| ). 

5. Comments on excited open strings 

In our discussion so far we focused on the physics of the tachyon. It is interesting, and 
for some purposes necessary, to generalize the discussion to include excited open strings. 
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The first question that we address is one that was noted a few times in the text: why 
can we study condensation of the tachyon without taking into account other modes of the 
string? The reason is that we can divide the coordinates on field space into a,u, which 
are free field perturbations and an orthogonal set of coordinates Aj corresponding to the 
non-zero momentum modes of the tachyon and excited open string modes. The A^ could 
be e.g. modes of one of the fields A^, B^^, C^ in (|2.2|) . It is consistent to set all the excited 
string modes A^ to zero in the presence of a tachyon profile of the form (|1.2|) if and only if 
the action ( |2.13|) , ( |2.14| ) does not have any linear terms in any of the couplings \i in the 
background (|1.2|). 

It should be emphasized that while the couplings A^ are in general non-renormalizable 
(since they correspond to irrelevant operators with A^ > 1), we are treating the dependence 
of S on Ai perturbatively. There is no problem with calculating integrated correlation 
functions of irrelevant operators in a background such as (|2.1|) , perturbed from a conformal 
background by relevant and marginal operators, at least after suitable regular ization and 
renormalization procedures are specified. One such procedure is described in appendix 
A (by contrast, studying a worldsheet action like ( |2.1|) with a finite perturbation by an 
irrelevant operator is likely to lead to inconsistencies.) Accordingly, we may write the 
action in the form 

S{a, u, X') = ^^°)(a, u) + ^f ^ (a, u)X' + sif{a, u)X'X^ + ■■■ (5.1) 

where S^'^\a, u) is the action ( |3.5|) and we would like to prove that S^ (a, u) = 0. Suppose, 
on the contrary that S^^^ ^ 0. Then diS\x=o 7^ 0. Looking back at equation ( p.l3|) we 
see that this means that if the metric Gij is non-degenerate on the space of couplings 
orthogonal to a, w, then (3^ {a, u; A* = 0) 7^ 0. 

Now, after fixing string gauge invariances, the metric Gij is non-degenerate in the 
background ( |1 . 2| ) , which corresponds to free field theory. At the same time, the statement 
that /3*(A) does not vanish at A* = implies that as we turn on a and the w's, the A* start 
flowing according to (|2.11D. But we know that this is false. In free fleld theory no new 



couplings are generated by the RG flow. Therefore, S^ (a, u) must vanish. We conclude 
that all other string modes appear at least quadratically in the spacetime action in the 
tachyon backgrounds ( p..2|) , and they can be consistently set to zero when studying tachyon 
condensation. 

Again, it is interesting to contrast the situation with the cubic SFT. In this case a 
higher string mode, call it schematically v, can couple to the tachyon T schematically as 
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v^ +f T^ +f ^T + f ^. The couplings of the form vT'^ are genericaUy nonzero, and indeed the 
exphcit computations p,|^ show that higher string modes do obtain nontrivial expectation 
values during tachyon condensation. 

Another interesting circle of questions surrounds the fate of the excited string modes 
as T ^ oo. From the worldsheet analysis it is expected that they all "disappear" from 
the spectrum, but the precise mechanism by which this happens in spacetime is not well 
understood. It has been proposed [Pl that the coefficients of the kinetic terms vanish 



at the "stable minimum" but the situation is unclear. The viewpoint of this paper sheds 
some light on these issues. 

We would like to construct the action for excited open string modes using the prescrip- 
tion ( |2.13| ) , ( p.l4| ) . We may determine the dependence on the zero mode of the tachyon 



as follows. Consider the theory in the background T = a (corresponding to ( |1.2| ) with 
Ui =0). The partition sum has in this case a simple dependence on a, 

Z(a,AO=e-"Z(AO (5.2) 

where we denoted all the other modes collectively by A^. The action ( |2.14| ) therefore takes 
the form 

S{a, A,) = (a + 1 + /3'T^)e-"Z(A0. (5.3) 

OAi 



Recalling the form of the exact tachyon potential ( |3.2| ) the action ( p.3| ) can be rewritten 

as 

S{a, K) = U{T)Z{K) + e-^(3'^Z{\,) (5.4) 

As we show in appendix A, near the mass shell [i.e. as A^ ^ 1), the quadratic term in the 
partition sum exhibits a first order zero (oc 1 — A^); thus the usual kinetic terms for the 
modes A^ come from the first term on the r.h.s., while the second term, which goes like 
(1 — Ai)^ near the mass shell, contributes higher derivative corrections. In any case, we 
see that all terms in the action go to zero as the tachyon relaxes to T = oo, but, at least 
in these coordinates on the space of string fields, they do not all go like U{T). 

A simple application of ( |5.4| ) is to the dependence of the Born-Infeld action on T 
discussed in |1^. A constant -F^j^ on the L>25-brane does not break conformal invariance. 



and therefore the second term in ( |5.4|) vanishes in this case. The partition sum in the 
presence of the constant electro-magnetic field is the Born-Infeld action (for a review see 

El), 

Z{F)=Cbi{F). (5.5) 
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Substituting into (|5]^) we conclude that the action for slowly varying gauge fields and 
tachyons is 

S = U{T)Cbi (5.6) 

in agreement with |]I^ (essentially the same result already appears in [Q].) 

One can also use our construction to study the spectrum of the open string theory in 
the background of a soliton. This involves computing the partition sum Z to quadratic 
order in the couplings A^ in the soliton background ( |1.2| ) and should give rise to the standard 
picture of states bound to the soliton (or lower dimensional brane) . As we have mentioned, 



this should help to explain some results of |Tl 



6. Many open problems 

There is a large number of open problems associated with the circle of ideas explored 
in this paper. In this section we list a few. 

It would be interesting to calculate additional terms in the SFT action. This involves 
both the determination of higher derivative corrections to ( |3.1j ) and the inclusion of excited 
string modes discussed in the previous section. As noted in the text, the exact action ( |3T5| ) 
implies an infinite number of higher derivative corrections to ( p.l| ) , but in order to calculate 
all terms of a given order in derivatives, more information is needed. Perhaps, additional 
information can be obtained by solving the worldsheet theory corresponding to the multi- 
soliton tachyon profiles ( |3.17| ). 

A related problem is understanding more clearly the relation between boundary string 
field theory and the cubic SFT. It is conceivable that the space of 2d field theories is a non- 
trivial infinite dimensional space with no good global coordinate system. It appears from 
the singular relation between the fields (see e.g. appendix A) that coordinates appropriate 
to the cubic SFT might have a range of validity which is geodesically incomplete and does 
not coincide with the "patch" in which good coordinates for boundary SFT are valid. 

The discussion throughout this paper has focused on the bosonic string, but the 
construction of section 2 is more general. In particular, the worldsheet RG picture has 
been generalized to the superstring [Q, where it applies to non-BPS D-branes, D — D 
systems and related configurations. It would be interesting to generalize the considerations 
of this paper to these problems, especially because the generalization of the cubic SFT to 
the superstring is subtle and complicated. 

Another interesting problem involves the role of quantum effects in the tachyon con- 
densation process.Q Our discussion here was entirely classical, and yet we found that the 



We thanks T. Banks and S. Shenker for a discussion of this issue. 
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action goes to zero as the tachyon condenses ( ^.41 ). Usually this is taken to be a sign of 
strong coupling, and indeed there were proposals in the literature that tachyon condensa- 
tion leads to a strongly coupled string theory. For example, the form ( |5.6| ) of the gauge 
field action seems naively to suggest that the effective Yang-Mills coupling behaves as 

— — = (6-1) 

9ym 9s 

and therefore, as U{T) —>■ the gauge theory becomes more and more strongly coupled. 

On the other hand, the worldsheet analysis of |^ seems to suggest that no strong 
coupling behavior should be encountered as the tachyon condenses, since diagrams with 
many holes are not becoming larger in this process. 

Boundary SFT seems to lead to the same conclusion. It is natural to expect that 
quantum corrections to the string field action S (|2.14|) come from performing the worldsheet 



path integral over Riemann surfaces with holes. Each hole contributes a factor of QgN as 
usual (for A^ L>25-branes), as well as a factor of exp(— T) from the path integral of ( |1 . 1|) . 
Thus, it looks like the effective coupling is in fact 

A = QsNe-^ (6.2) 

and the perturbative expansion looks like 

Z = N\-^^ (jA.i + Ao + XAi + --^ (6.3) 

where A-^ is obtained from the path integral on surfaces of Euler character x ^.nd no 
handles. Eq. (|6.3| ) suggests that the theory in fact remains weakly coupled as T — > oo, 
but this seems difficult to reconcile with the Feynman diagram expansion arising from the 
coupling (|0|). It would be interesting to resolve this apparent contradiction. 

The behavior of the effective string coupling ( |6.2| ) is related to another issue raised 
earlier in the paper B Recall that the tachyon potential ( |3.2|) is not bounded from below 
as T — i> — oo. Even if the tachyon condenses to the locally stable vacuum at T = +oo (the 
closed string vacuum), the system will tunnel through the potential barrier to the true 
vacuum at T = — oo. The instanton responsible for this tunneling is the Euclidean bounce 
solution corresponding to a codimension twenty six brane in our construction. Like all 



We thank P. Horava and H. Liu for useful comments on this issue. 
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the other sohtons, it has one negative mode, and therefore mediates vacuum decay. It is 
natural to ask what is the nature of this instabihty. 

The behavior of the effective couphng (|6.2|) provides a hint for a possible answer. We 
see that as the system rolls towards the "true vacuum" at T -^ — oo, the string coupling 
grows. This is significant since as is well known, quantum mechanically, open strings can 
produce closed strings, and in particular, in this case, the closed string tachyon. Thus, 
one is led to interpret the instability of the "closed string vacuum" at T ^ oo to decay 
to the "true vacuum" at T ^ — oo as the closed string tachyon instability. While this is 
a speculation that needs to be substantiated, we note the following as (weak) evidence for 
it: 

(1) The amplitude for false vacuum decay due to the bounce goes like exp{—l/gs). The 
fact that it vanishes to all orders in Qs is consistent with the fact that no such insta- 
bility is observed in perturbative open string theory 0]. Understanding the precise 
dependence on Qs probably requires a better understanding of the issues discussed 
around equation (|67^). 

(2) The fact that the string coupling grows after closed string tachyon condensation, 
suggested by (|6.2|), is consistent with the known physics of closed string tachyon 
condensation. In this process the central charge of the system decreases, and the 
dilaton becomes non-trivial (linear in one of the coordinates). This leads to strong 
coupling somewhere in space. 

(3) For unstable D-branes in the superstring, the corresponding tachyon potential does 
not have a similar instability, in accord with the fact that there is no tachyon in the 
closed string sector in that case. 

Acknowledgements: We would like to thank T. Banks, M. Douglas, J. Harvey, E. 
Martinec, N. Seiberg, S. Shenker, and A. Strominger for useful discussions, and J. Harvey 
for comments on the manuscript. We also thank the participants of the Rutgers group 
meeting for many lively questions during a presentation of these results. The work of D.K. 
is supported in part by DOE grant #DE-FG02-90ER40560. The work of GM and MM 
is supported by DOE grant DE-FG02-96ER40949. DK thanks the Rutgers High Energy 
Theory group for hospitality during the course of this work. MM would like to thank the 
High Energy Theory group at Harvard for hospitality in the final stages of this work. 

19 



Appendix A. Some technical results 



The string field theory action (|2.7|) for a tachyon profile 



T{X) = / dk 4){k) exp{ik ■ X) 



(A.l) 



is an infinite series S^'^' + S^^' + S^'^' + ■ ■ ■ in powers of T. In this appendix we give explicit 
formulae for the first two terms in this expansion. More generally, we will show that the 
quadratic term in the string field action for a primary field Vi has a pole at A^ = 1. 

The structure of the quadratic term S^^' for a primary field Vi has a rather simple 
expression. We only need the correlation function of the boundary operator in the free 
field theory, which is given by 



mo)v^{o')) 



sin 



2/61 



(^) 



Ai' 



(A.2) 



and c is a constant. We also need the value of the following integral: 



271- 



d9 



^"^ d6' 



27r Jq 2n 



Sin (^— ) 



.T{l + 2z) _ 1 T{l/2 + z) 

v^{i + z) ~1^ r(i + z) ■ 



(A.3) 



Notice that in the evaluation of this integral we have regulated the short-distance singu- 
larities by analytic continuation in z. We will now compute 5''-^^ using ( p.l4|) . The term 
of order (A*)'^ in the partition function is given by: 



2tt 



271- jni 



2 Jo 27r Jq It\ 



sm 



■4^) 



H-A, 



c(A 



i\2 



r(3/2-A, 



7ri/2 (l-2A,)r(l-A, 



-. (A.4) 



We see that this gives a simple pole in the propagator at A^ = 1, a fact that was used in 
section 5. The action S ( p.l4| ) to quadratic order is then: 

c(A*)2r(3/2-A,) 



5(2) = (1- 2(1 -A,))^ 



(2) 



7ri/2 r(i-A,) • 



(A.5) 



Notice that the term Pid^Z gives a second order pole in the propagator at this order, as 
stated in section 5. It is easy to check that the definition ( |2.13D gives the same answer for 

5(2). 

In the case of the tachyon field (|A.1| ) , the correlation function in free field theory is 



{e^'^-^'^'^e^'-''^''^) = {27vyd{k + k') 



sm 



(^) 



/ n-a'fc^ 



(A.6) 
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and the quadratic piece of the action ( |A.5|) reads in this case 

Notice again that the propagator, which is a comphcated function of /c^, exhibits the 
required pole at a'k'^ = 1. 

The cubic term for the tachyon field ( [A.l| ) can be computed by evaluating the corre- 
lation function (JA.6D at next order in perturbation theory. The result is: 



^(3) = - T^ /" dkdk'dk" (t){k)(t){k')(t){k"){2TiY5{k + k' + A;")4-("+^+'^)+'(l - a'k'^) 
r(l + 2a)r(l + 26) 



T-2n ^ \T^2l^ 1 u v3^2(-2c, -a - c, -c - 6; 1 + a - c, 1 + 6 - c; 1), 



(A.8) 



where 

a = — a'/c • /c' + 1, 



h = ~a'k-k\ (A.9) 

and the hypergeometric function pF^ is defined by 

,f>....,a,;A,...,,,;.)^gn(^^)n(ff|^)f;. (A.10) 

We can now try to compare the action 5" = 5"*^^^ + S^^'^ + ■ ■ ■ to the cubic action 



obtained in the open string field theory of [Q. Using, for example, the approach of |jT6 
one finds 

S^^ = A I dk{2TiY4){k)4){-k){a'k'^ - 1) 

/ (A.ll) 

+ / dkdk'dk" B{k, k', k")4){k)${k')${k"){27r)'^5ik + k' + k"), 



where 

1 _ 1 / ' --»-'— ^ 



A^-^. Bi,,er)--^^[^^^) . (A.12) 

If we assume that the tachyon fields (p{k) and (p{k) are related as follows, 

${k) = fi{k)(P{k) + I dk'f2{k, k')(t>{k')(P{k -k') + ---, (A.13) 
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in such a way that 

S^'^{m) = ^S{<P{k)), (A.14) 

where k is a nonzero constant, we obtain: 

where we have used that fi{k) = fi{—k) (this follows from reality of the tachyon field). 
By comparing the cubic terms, we find: 



Aia'k' - l){hik)h{-k, k") + f^{k')h{-k', k")) + B{k, k\ k")h{k)h{k')h{k") 

= ^4-("+''+^)+i(a'(A;')' - l)G{k, k\ k"), 

(A.16) 
where we have defined 

G{k, k\ k") = -3F2(-2c, -a - c, -c - 6; 1 + a - c, 1 + 6 - c; 1). 

r^(i + a — c)r^(l -\-h — c) 

(A.17) 
Notice that fi{k) is regular and different from zero when the tachyon is on-shell. On the 
other hand, if we evaluate the relation (|A.16|) when the three tachyon fields are on-shell, we 
find that G{k^ /c', k") = 0, and therefore /2(/c, k") must have a pole with nonzero residue 
at a'k"^ = 1. This shows that the relation between the CS and the B-SFT tachyon fields 
becomes singular on-shell. 



Appendix B. Some higher derivative terms in the tachyon action 

In this appendix we give an example of a higher derivative Lagrangian for the tachyon 
which reproduces the exact action S{a,u). This is simply meant to indicate the nature 
of some of the terms. We stress at the outset that the following does not determine an 
infinite set of couplings, namely, anything which vanishes on the Gaussian profile. One 
unambiguous conclusion one can draw from this exercise is that in terms of ^ ~ e~^ the 
higher derivative terms must be singular at (^ = 0. 

It is useful to generalize the tachyon profile to T = a -|- u^^X^X'^ with u^^, positive 
definite. The exact action may be written as 



S^\a + 1 + 2a'Tr(u) - Tr(u—)] ^ exp 



22 



k=2 



^l^ii^lVu' 



(B.l) 



(there is a regularization dependent term ~ Ttu in the exponential. With the normal 
ordering prescription of this term vanishes). Expanding the exponential we obtain a 
series 

J2 An, n(^^')"'= = 1 + ^C(2)Tr(z.2) + . . . (B.2) 

nj.>0 k 

where at a given order in scaling under u — > au the sum is a Schur polynomial. 
Now the action becomes: 



n, k 

+e-"^i= Y. ^-^ (14 - Loin,)) HiTru'^)-'' 
vdetM ^^ ^ 

+2a'(Trw)e-"^^ V A„, TT(Tri/^)"'= 
Vdetw tr^ V 



(B.3) 



where it is convenient to define Loirik) =J2k ^^k- 

One straightforward way to reproduce this from a Lagrangian proceeds by starting 
with the ae~" term. This is reproduced by 

T2,7r-''Jdx Te-^$:(^)^°^"'=^A„,n[(^M...r)(5M..37^)---(5....7^)]"'= (B.4) 

rik k 

In order to account for the second line in ( [B.3| ) we add terms 

rik k 

with Bn^ = (1 — Lo{nk))Anf,. Finally to get the last line of (|B.3| ) we take 



(B.6) 
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